The defect induced chemical expansion in acceptor-doped barium zirconate is investigated using density-functional theory (DFT) calculations. The two defect species involved in the hydration reaction, the +2 charged oxygen vacancy and the proton interstitial forming a hydroxide ion, are considered both as free defects and in association with the dopants Y, In, Sc and Ga. The defect induced strain tensor λ is introduced, which provides a natural generalisation of the ordinary chemical expansion to three dimensions and to anisotropic distortions. Both the addition of a vacancy and a proton cause anisotropic distortions and a net contraction of the lattice, indicating that both the vacancy and the hydroxide ion are smaller than the oxygen ion. The contraction is considerably larger for the vacancy and the net effect in hydration, when a vacancy is filled and two protons are added, is an expansion, consistent with the experimental findings. The effect of the dopants on the chemical expansion in hydration is found to be quite small, even if it is assumed that both the vacancy and the proton are fully associated with a dopant atom in the lattice.
Introduction
Over the past three decades acceptor-doped perovskites have been studied extensively for the use as proton conducting electrolytes in intermediate temperature fuel cells, electrolyzers, etc. [1, 2] . One of the most promising materials is BaZrO 3 , which combines high bulk proton conductivity together with chemical stability towards CO and CO 2 [3] .
Protons are incorporated into the perovskite structure through the hydration of oxygen vacancies, which are formed due to the acceptor doping in order to maintain charge neutrality. In Kröger-Vink notation the hydration reads as
It has been seen experimentally that the hydration of acceptordoped BaZrO 3 is associated with a volume expansion [2, [4] [5] [6] [7] that puts the material under mechanical stress and can lead to micro-cracking of the dense electrolyte and ultimately deterioration of the cell performance. Chemical expansion due to oxidation has been reported for other well-known ionic conductors, such as CeO 2−δ [8, 9] and La 1−x Sr x Co 1−y Fe y O 3−δ [10, 11] . In these materials the expansion is related to two phenomena: (1) the formation of oxygen vacancies and (2) the reduction of cations, which change the ionic radius of those ions, e.g. Ce 4+ → Ce 3+ . The latter effect is not present in BaZrO 3 as the barium and zirconium cations are isovalent. Thus, the hydration induced volume expansion should be more directly related to the size of oxygen vacancies and proton interstitials (hydroxide ions).
The size of the hydroxide ion is well known in terms of the Shannon ionic radius, and it is slightly smaller than the oxygen ion [12] . However, the size of the charged oxygen vacancy is not as well defined. Suggestions have been made that the formation of a vacancy should lead to an expansion due to the electrostatic repulsion between the cations located closest to the vacancy [11, 13] . On the other hand, studies of CeO 2 and ZrO 2 indicate that the vacancy is smaller than the oxygen ion [8, 9, 14, 15] .
In this paper we study the size of the +2 charged oxygen vacancy and the proton interstitial in acceptor-doped BaZrO 3 using density-functional theory (DFT). The size of the two defects is determined in terms of the defect induced strain tensor. This quantity does not only predict the lattice expansion, "the size" of the defect, but also anisotropic expansions, "the shape" of the defect. Furthermore, the implications of the results on the chemical expansion due to hydration are discussed both in the dilute limit of freely moving defects and as trapped defects in association with different dopants.
Theoretical formalism

Chemical expansion coefficient
To quantify the chemical expansion induced in a crystal upon formation of point defects we start from a classical thermodynamics point of view [10] . We consider the volume, V, to depend on temperature, T , pressure, P, and defect concentration x k of type k V = V(T, P, {x k })
The unit for the defect concentration, x k , is the number of defects per primitive unit cell (one formula unit BaZrO 3 ) and the volume of one primitive unit cell is denoted Ω c . In analogy with the thermal expansion coefficient α = V −1 (∂V/∂T ) P,x k and compressibility κ = −V −1 (∂V/∂P) T,x k we define the chemical expansion coefficient as [10] 
The coefficient β k corresponds to the chemical volume expansion of the material and in general we have β k = β k (T, P, {x k }).
The differential for the volume can be written as
To describe the expansion in a solid material including anisotropy, we generalise the concept of a scalar volume and introduce the elastic strain tensor . The volume expansion, or volume dilatation, of a material under assumption of small strain is given by the trace of the strain tensor [16, 17] dV V = Tr ( ) and the chemical expansion coefficient can thus be written as
Strain Tensor
In order to derive an expression for the strain tensor we consider the deformation of a homogeneous anisotropic elastic medium. Let a i = L 0 e i be the basis vectors defining the undeformed crystal and L 0 the one-to-one matrix transformation that maps the cartesian coordinates e i onto the crystal a i . After the deformation the crystal is defined by the new basis vectors
The location of a point, P = (p 1 , p 2 , p 3 ), in the undeformed crystal can then be written as
and after the deformation
The displacement of the point is thus
where the I is the identity matrix and the quantity LL
0 − I is recognised as the displacement gradient in the Lagrangian description of continuum mechanics [18] . In tensor notation the displacement gradient can be written as
and describes the deformation of the crystal [16] . In addition to strain, the displacement gradient can also include rotations. Rotations should be eliminated, since they do not alter the internal relationships between the atoms and are of no thermodynamic significance. In general this can be done by means of a polar decomposition [18] , but for small rotations it is sufficient to add the transpose and take the mean. Hence the strain tensor is given by
or in matrix notation
If no rotations are present the strain tensor equals the displacement gradient
This expression is the natural generalisation of the one dimensional strain ε = ∆a/a 0 to higher dimensions and is similar to the one proposed by Centoni et al. [19] .
Defect induced strain tensor
Consider now the effect of a single defect introduced in a volume V 0 . The defect induced strain tensor λ is defined as
where 
The tensor λ provides a natural generalisation of the ordinary chemical expansion coefficient to anisotropic deformations. It is identical to the λ-tensor introduced by Nowick and Berry [20] , and directly related to the defect strain tensor Λ = Ω c λ used by Freedman et al. [21] .
Computational method
Electronic structure calculations were performed using densityfunctional theory (DFT) as implemented in the VASP software (version 5.3.3) [22] [23] [24] [25] , which uses a plane-wave basis set with periodic boundary conditions in all directions. The generalised gradient approximation (GGA) PBE [26] was used for the exchangecorrelation functional and the projector augmented wave method (PAW) [27, 28] to describe the ion-electron interaction. Two supercell sizes were used, consisting of 4 × 4 × 4 and 2 × 2 × 2 primitive unit cells, which implies defect concentrations of 1/64 and 1/8 respectively. The corresponding k-point sampling was 2 × 2 × 2 and 4 × 4 × 4 using the Monkhorst-Pack scheme. The energy cutoff was set to 520 eV. To compensate for the electrical charge of the defects a homogeneous background charge was added.
Calculating the strain requires high accuracy. This is due to that the strain, which is a small quantity, is obtained as the difference between two similar values (see Eq. (7)). The electronic convergence criterion was set to 10 −7 eV and the cell was allowed to relax in both size and shape until the forces were less than 10 −3 eV/Å. The calculations were performed according to the following procedure. An ideal bulk BaZrO 3 supercell was constructed and relaxed with resulting supercell parameters L 0 . A single defect was then introduced into the supercell followed by atomic structure relaxation where the supercell size and shape were allowed to change, giving the defective supercell parameters defined by L. The strain tensor was then obtained from L and L 0 using Eq. (7). From here the defect induced strain tensor λ and the chemical expansion coefficient β were determined using Eqs. (8) and (9) . For the doped systems we first relaxed the structure with the dopant alone, which gave the corresponding chemical expansion. A defect was then added followed by further relaxation. In this case the doped system served as L 0 .
Results
In this work we consider the two defects associated with the hydration reaction in Eq. (1) [29, 30] . The computational approach makes it possible to study these defects without having to consider the dopant atom explicitly by instead adding an appropriate homogeneous background charge [31] . However, we have also studied the effect of vacancy-dopant and proton-dopant association by explicitly considering four different dopants: Y, In, Sc, and Ga.
The ground state for the defect free system is found to be cubic (Pm3m) with lattice constant a 0 = 4.236 Å. This is somewhat larger than the experimental value of 4.19 Å [32] but is in line with previous GGA results in the literature [33] [34] [35] [36] .
Oxygen vacancy
First we consider the oxygen vacancy. The ionic displacements are listed in Tab. 1 and are determined with respect to the defect lattice site, the lattice site where the defect is created. In general, the displacements can be understood from electrostatic considerations. The vacancy, having an effective charge of +2, repels the metal cations and attracts the negatively charged oxygen ions. For the nearest neighbouring zirconium and barium ions the displacements are 
The components along the diagonal correspond to the usual linear expansion ε = ∆a/a 0 in the different directions divided by the defect concentration. All components are negative indicating a contraction of the lattice in all directions. The first component is different from the second and third components, which are equal due to symmetry, resulting in an anisotropic strain. The contraction is smallest in the x-direction, the same direction in which the nearest neighbouring zirconium ions are being displaced. Since all components of λ v are negative it follows that the chemical expansion coefficient is negative as well. The value we obtain is
which indicates that there is a decrease in volume upon formation of a vacancy, or in other words, the oxygen vacancy is smaller than an oxygen ion.
Proton
The distortions induced by the proton interstitial are shown in Fig. 3 (Fig. 3a) are displaced asymmetrically by 0.21 Å and 0.09 Å towards the proton, while the ions in the [010] plane (Fig. 3b) are displaced 0.06 Å away.
The oxygen ions on the cell boundary are also displaced differently. There is now an expansion of the supercell in the x-direction while in the y and z-directions there is still a contraction but not as large as for the vacancy. This leads to the 
where the different components indicate an anisotropic strain in all three directions. Since the boundary ions are displaced outwards in the x-direction the corresponding strain tensor component is positive. Despite this expansion, the contractions in the other two directions lead to a negative chemical expansion coefficient of
Similar to the case for the oxygen vacancy the lattice contracts, although the magnitude of the contraction is considerably smaller for the proton. This result agrees qualitatively with the Shannon radius of the hydroxide ion which is slightly smaller than the radius of oxygen ion [12] . 
Acceptor dopants and dopant association
We have also considered the effect of dopants and dopant association. In Tab. 2 we show the resulting chemical expansion coefficient from a single dopant β D in a 2 × 2 × 2 supercell for four different dopant species. This corresponds to a defect concentration of 12.5%, which is within the range of typical concentrations (10-20%) for real materials. The cubic structure is maintained in all cases. The trend for the chemical expansion follows the same trend as the ionic radii by Shannon [12] , i.e. Y > In > Sc > Ga.
It is known that there is an attractive interaction both between dopants and vacancies and between dopants and protons [30] and dopant association is expected to be present in the real material [37] . The expansion caused by the vacancy and the proton may therefore change if these defects are associated with a dopant atom. We have determined the chemical expansion for a vacancy and a proton with a neighbouring dopant, denoted β v|D and β H|D respectively, and the result is given in Tab. 2. The resulting λ tensor is still diagonal for the dopant-vacancy system while it becomes slightly distorted with off-diagonal components for the dopant-proton systems.
It is seen from the data in Tab. 2 that the contraction due to the formation of the vacancy increases with increasing dopant radius. The same trend is observed for the proton interstitial. For the largest dopant Y, the distance between the B cation and the neighbouring oxygen ion increases in doping from 2.12 Å for Zr-O to 2.22 Å for Y-O, consistent with experimental data [38] . This difference is less than what is obtained from the Shannon radii (0.18 Å) and the doped system is under compressive strain close to the dopant. When the vacancy or proton is added the strain can partly be reduced and the contraction becomes larger compared with the undoped system. 
Size of the oxygen vacancy
We find that the lattice contracts when the vacancy is created. To quantify this effect the concept of a radius r v of a spherical vacancy has been introduced for fluorite structured oxides [8, 14, 15] as well as for perovskites [7, 15] . In the present case we find an anisotropic distorsion which is more correctly described by an ellipsoid rather than a sphere. For the change of the lattice constant we get in the x-direction ∆a x = a 0 x v λ xx , where x v is the vacancy concentration and λ xx is the first of the three diagonal components of the tensor λ. In the y and z-directions we get the same change ∆a y = ∆a z , with ∆a y = a 0 x v λ yy .
How to model the distortion of the BaZrO 3 lattice in a consistent way using the concept of radii is not at all obvious. BaZrO 3 is cubic with a Goldschmidt ratio close to unity. Following Andersson et al. [7] we introduce an effective anion radius as
where r O is the radius of the oxygen ion. The subscript α denotes the three different directions x, y and z and indicates that the effective radius can differ in the different directions.
In the present case we can write the lattice constant as a x = 2(r B +r O ) in the x-direction and a y = √ 2(r A +r O ) for the y and z-directions, where r A and r B are the radii of the Asite (barium) and B-site (zirconium), respectively. The change of the lattice constants becomes ∆a x = 2x v (r v,x − r O )/3 and ∆a y = √ 2x v (r v,y − r O )/3 and hence
Using the Shannon radius r O = 1.40 Å [12] we get for the semiprincipal axes of the ellipsoid: r v,x = 1.18 Å and r v,y = r v,z = 0.58 Å. This can be compared with the value r v = 1.18 Å used by Andersson et al. [7] in order to obtain an adequate fit to their experimental data. The size of the oxygen vacancy has also been the subject of interest in studies of other perovskite oxides. Freedman et al. [21] have performed atomistic modelling of SrTiO 3 using a shell-potential model by Akhtar et al. [39] . They found that the vacancy expands in the x-direction while contracts in the other two resulting in approximately no change in volume, i.e. β v ≈ 0. We have performed calculations for BaZrO 3 with the same type of potential using parameters taken from the work by Stokes and Islam [40] . Like Freedman et al. we found that β v ≈ 0.
The size of the charged oxygen vacancy has been found to be smaller than the oxygen ion also in fluorite structured oxides. Hong and Virkar found the radius of the vacancy to be 1.164 Å and 0.993 Å in CeO 2 and ZrO 2 respectively [14] . Marrocchelli et al. found the radius to be 1.169 Å and 0.988 Å for the same materials using both theoretical modelling and experimental techniques [8, 9] .
Chemical expansion due to hydration
With chemical expansion coefficients for the oxygen vacancy and the proton interstitial we can now consider the chemical expansion due to hydration. As can be seen from Eq. (1), hydration of the material corresponds to replacing one oxygen vacancy with two proton interstitials. The chemical expansion per incorporated proton is thus given by
In Tab. 3 we show the result for both supercell sizes. The chemical expansion is positive, which corresponds to an expansion of the lattice. The chemical expansion for the two different supercell sizes differs by about 4%, indicating an interaction effect due to the finite defect concentration.
The formula in Eq. (13) neglects the explicit effect from the dopants. If association between the dopant and the vacancy and/or proton is present the chemical expansion will change. However, we found in section 4.3 that the effect is quite small. If we assume that the vacancy is associated with a single dopant, as a nearest neighbouring defect, the expression in Eq. (13) should be modified to
If also the proton is trapped at a dopant site Eq. (13) should be modified to β
In Tab. 3 the results are summarised. The effect from the dopants is not pronounced. When only vacancy-dopant association is included the chemical expansion increases with increasing dopant radius. If also proton-dopant association is included the expansion is rather similar to the undoped system, except for the yttrium doped system where the expansion is reduced. As mentioned previously in the introduction, lattice expansion due to hydration in BaZrO 3 has been seen experimentally for several different acceptor dopants and dopant concentration Table 3 : Chemical expansion due to hydration for undoped and doped BaZrO 3 in 2 × 2 × 2 supercells. The results for the undoped 4 × 4 × 4 supercell are included for comparison. The second column shows the expansion according to Eq. (13) . The third column shows the expansion for trapped vacancies (Eq. (14)) and the fourth column for trapped vacancies and protons (Eq. (15)). 
where x H is the proton concentration. Kreuer [2] measured the relative lattice expansion in 15% Y-doped BaZrO 3 and found it to be 0.0040. An almost fully hydrated sample with a proton concentration of 0.14 (data extracted from Fig. 2a ) has been reported previously by Kreuer et al. [41] . Kinyanjui et al. [4] studied the hydration of 50% In-substituted BaZrO 3 . The hydration gave rise to an expansion of 0.0107 (data extracted from Fig. 2) , although the proton concentration was only 0.40 (data extracted from Fig. 3) . Furthermore, Hiraiwa et al. [5] performed a study on 20% Y-doped BaZrO 3 . They found a relative expansion of 0.0019 (data extracted from Fig. 3 ) which is a bit lower than the previously discussed values. They do not present any results related to the degree of hydration although it is quite reasonable to assume that the material was not fully hydrated based on the small expansion. This work was followed by a study of 20% doped BaZrO 3 where four additional dopants where considered, namely Sc, Sm, Eu and Dy [6] . Again, the relative lattice expansions were quite small, ranging from 0.0007 to 0.0016 (data extracted from Tab. 2). Besides the possibility of an incomplete hydration the small expansion values could also be related to the fact the these dopants have a tendency to occupy the A-site instead of the B-site [6, 42] , which reduces the concentration of oxygen vacancies and consequently the maximum proton concentration. Additionally, the authors found results indicating that the Dy ions could change oxidation state. This is associated with a change in the ionic radius, which would affect the chemical expansion. Finally, in a recent study by Andersson et al. [7] chemical expansion was observed for several different Y-doped samples of BaZrO 3 with dopant concentrations of 5%, 10% and 20%. The relative expansion was 0.0015 for both the 5% and 10% doped samples while it was 0. 0034 for the sample with 20% yttrium. TGA data presented in the paper indicate that the 5% doped sample was fully hydrated while the samples with 10% and 20% dopants were not.
The chemical expansion coefficient (β hydr ) has been calculated for the discussed experimental results and are summarised in Tab. 4 together with the relative lattice expansion and the degree of hydration. All these values for β hydr indicate an expansion that is consistent with our result in Tab. 3 .
It seems that we may underestimate the expansion based on the comparison with the data by Kreuer et al. [2, 41] and Kinyanjui et al. [4] . One uncertainty is the approximation for the exchange-correlation functional. The data in this work were obtained using the GGA/PBE approximation. However, some test calculations using the standard local density approximation (LDA) indicate that the results are rather insensitive to the particular choice of exchange-correlation approximation. Finite temperatures and thermal fluctuations may also influence the chemical expansion. These effects are not included in this work [7] since our data are determined from fully relaxed configurations, which correspond to zero Kelvin. For the proton quantum fluctuations can also play a role.
Conclusions
Density functional theory (DFT) is used to compute the defect induced strain tensor λ for two point defects in barium zirconate: a +2 charged oxygen vacancy and a proton interstitial (forming a hydroxide ion). The defects have been considered both independently and in association with dopant ions. The tensor λ provides a natural generalisation of the chemical expansion coefficient to anisotropic deformations.
We find that the lattice contracts both when the vacancy and the proton are inserted, indicating that both the vacancy and the hydroxide ion are smaller compared with an oxygen ion. We also find that the effect from dopant association is quite small. The contraction for the vacancy is considerably larger than for the proton and the net effect in hydration, when a vacancy is filled and two protons are added, is an expansion, consistent with the experimental findings.
